Math7501 Examination 2010: Sample Solutions and Marking
Schemes

1. (a) Let © and F respectively denote the sample space and the event space. The
three axioms of probability for a probability function P(:) are:

(i) For any E € F, P(E) > 0.
(ii) P(Q) =1.
(iii) If By € F, Ey € F,...are mutually disjoint, then PP (U‘J?';lEj) = 52, P(E)).

Now
P(AUB) = P(AU(BNA%) = P(A) + P(BN A°) (axiom (iii)).
But P(B) = P(BNA) + P(BN A®) (axiom (iii)) implies that
P(BN A®) = P(B) — P(BN A).
Hence P(AU B) = P(A) + P(B) — P(BN A) as required.

(b) Events A, B and C are mutually independent if P(A N B) = P(A)P(B),
P(ANC) = P(A)P(C), P(BN(C) = P(B)P(C), and PANBNC) =

P(A)P(B)P(C).
Now
P(AN(BU C))
= P((AnB)u(AnC))
P ﬂB)—i—P( NC)—P(ANBNC) (from axioms)

= P(A)[P(B) + P(C) — P(B)P(C)]
= P(A)P(BUC)

(
(A
P(A)P(B)+ P(A)P(C) — P(A)P(B)P(C) (by assumption)
(
(
(c) P(ANB) = P(B|A)P(A)=1/12
P(AUB) = P(A)+ P(B)-P(ANB)=1/4+ P(B)—1/12
= 1/6 + P(B) as required.

If A and B are independent, P(ANB) = P(A)P(B). Now, 1/3 = P(AUB) =
1/6 + P(B), so P(B) = 1/6. Then P(A)P(B) = 1/4 x 1/6 = 1/24 # 1/12 =
P(AN B), so A and B are not independent.
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2. Let A and B respectively denote the events that the shop is supplied by factory

A and factory B. Let D denote the event that a component is defective. Then
P(A) = P(B) =1/2, P(D|A) = 1/50, P(D|B) = 1/200. Let D; be the event that
the jth tested component is defective.

(a) For the first tested component,

1 1+1><1—1
2750 27200 80

P(Dy) = P(Di|A)P(A)+ P(D1|B)P(B) = 7 x ™
P(A|Dy) = P(D];l(/glf;(/‘l) _ 1% =§

(b) Given the first component defective, we have updated P(A|D;) = 4/5 and
P(B|D;) = 1/5. Then for the second component, by definition of conditional
probability and Law of Total Probability,

P(Dy|Dy) = P(Dy|Dy N A)YP(A|D;) + P(Dy| Dy 1 B)P(B| D)
_ Lt 4 1 117

50 <5 1200 * 5~ 1000
or,

P(D2|D1) = ﬂgzgl%ﬂ
_ P(DinN Dy|A)P(A) + P(D1 N Dy| B)P(B)
- P(Dy)
~(1/2500) x (1/2) + (1/40000) x (1/2) 17
- 1/80 ~ 1000

Given that the second component is not defective, we have

. P(D; N D5|A)P(A)
PAIDIN D) = 5 A DelA)P(A) + P(D: 1 DE|B)P(B)

(1/50) x (49/50) x (1/2)
(1/50) x (49/50) x (1/2) + (1/200) x (199/200) x (1/2)
784

or,

P(DS|AN D)) P(A|D)

P(A|D, N Dj§ A~
(A|D, 5) P(D§|AN Dy)P(A|Dy) + P(Dy|B N Dy)P(B|Dy)

= (49/50) x (4/5) 784
= [49/50) x (4/5) + (199/200) % (1/5) ~ o83 ~ 0727
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(c) Let Nj be the event that k out of n are defective.
P(Ny) = P(Ni|A)P(A)+ P(Nx|B)P(B)
= %{(Z)(o.oz)’“(o.%)”—k + (Z) (0.005)"’(0.995)"—’“]

PAIN,) = P(Ng|A)P(A) _ L(7)(0.02)*(0.98)"*
P(Ny) %{(Z)(0.02)k(0.98)"*"' + (2’)(0,00S)k(O'995)n—k]
20k980"

20£980"—* 4 5*99Hn—k
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3.

(a) For px(z) to be a pmf, we require that >0, px(z) =1, i.e.

kzp—x=1. k(=In(1-p))=1, k =

g=1-p<1,s0lnq <0 and k is positive.
(b) The probability generating function of X is

1 & —p° 1 & —(pt)* In(l-—pt)
Ixt)=E(t*) = —> t"—=— .
x(t) ( ) lnqrzlt z 1nqu::l z Ing i< 1/p

If |t| < 1/p, then |pt] < 1 and In (1 — pt) is well defined.

d dln(l—pt)| -p 1 —p
E(X) = —Tx(t)] =——n ) 2 | =
(X) dt x(?) =1 dt Ing =1 1l—ptingli=1 qlng
or
o0 xr o0
-p* -1 -1 p —p
E X — —_— — S
(X) I_Z_Ilnq lnq;p lngl—-p g¢qlng
(d) For Var(X),
BxX(x-1) = Ll = 1{1_3(_1__—1915)‘
Toar NV e Ing =1
_d —p 1 7 1 _=pt
- dtl—ptingli=y (1 —pt)2lngli=1 ¢*Ing
Var(X) = E(X(X -1))+ E(X) - (E(X))?
—p° -p p* 1 —p(p+ng)

Flng ' ging  @(ng?  g(lng)
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(a) (i) This is a gamma distribution with shape parameter o and scale parameter
3. The mean is /B and the variance is «/[3%.

(ii) The MGF of X is

; BY [ 1 —(H—iba
Mx(t) = E(e¥)= I"(r}-}/(; o a7

o e (TN L du
-tk 75) T ke

e ’H ' 1 > a—1_—u _ __i -
- (/3—:.) I‘(u)/u e d“"(l 5)

(b) (i) The MGF of S is

Ms(t) = E(ef)=E (ﬁ e‘Xi> = ﬁ Myx,(t)

1==1

)0

which is the MGF of a gamma distribution with parameters na and 3.

Therefore, S has a gamma distribution with shape parameter na and scale
parameter (.

(i) By CLT, the distribution of S is approximately N(90-10/0.3,90-10/0.3%).
Hence

P(Z>1)=0.1587

P(S > 3100) = ( 3000 _ 3100 - 3000)

+/900/0. e \/900/0.3?

where Z ~ N(0,1).
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(@) (i) b(T,0) = B(T)— 0, mse(T) = E[(T - 6)?.

mse(T) = E[(T — E(T) + E(T) — 6)?]
= E[(T — B(T))* + (E(T) - 6)" + 2(T — E(T))(E(T) — )]
= E((T - E(T))*+ (E(T) - 0)

Note that E[(T — E(T))(E(T)—0)] = [E(T)—-0|E[T — E(T)] = 0. Hence,
mse(T) = Var(T) + b*(T, 0).

(b) ()Y~ Bm(n p),so E(Y)=np,  Var(Y)=mnp(l-p).

SO
(i) T=n¥ (1-¥), s0
B(T) = B(Y)- - B(Y?) =np~ ~(np(l - p) +n’p?)
= np-(n-1)p°—p=(n—1)p(1-p)
# np(l —p)=Var(Y)
Hence T is a biased estimator of Var(Y) = np(l — p). Let W = n(n —
1)7'T, then E(W) = 5 E(T) = 5255(n—1)p(1—p) = np(1—p) . Hence

(n—1) (n

n_on__" nz( _£>:£Y__(1_E)
n—1 n—1 n 7 n—1 n

—_

W: =

is an unbiased estimator of Var(Y).

(¢) (i) Y ~ Poi(A), so E(Y) = X and Var(Y) = A. Hence
E(C) = EGBY +Y?)=5E(Y)+ E(Y?) =5E(Y)+ Var(Y)+ (E(Y))?
= BA+ A+ AT =61+ 2%

E (5Y) + Y2) = 5B(Yy) + E(Y2) = 5A+ A + A2 = 6A + 2.

(ZY+ ZW) = =Y E; +EZFY2
i=1 Ci=1

= nA—I— n()\2+/\)
= 5)\-|-/\+/\2—6)\+/\2.

3o :lcn

Hence 5Y; + Y and 2377, ¥, + 1 577 | V% are both unbiased estimators
for E(C). The latter has a smaller variance since it is the sample mean
of the random sample 5Y; + Y32, 5Y, + Y2, ...,5Y, + Y2
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14 14
_52 ~ 2 , —S2 ~ 2 )
0_% 1™~ X14 U% 2 ™~ Xi4

If 02 = o3, then

14
;(S? + SS) o ng-

For testing Hy : 02 = 02 versus H; : 02 # 02, use the test statistic
1 2 1 2

Sy /(15—-1) 21

i S2/(15—1) 15

1.4

Ho would not be rejected, at the 5% level, for all values of F' between the
lower and upper 2.5% of a Fi 14 distribution, i.e. for all values in the range
(1/2.97, 2.97)=(0.34,2.97). Since the observed value of F' is 1.4, do not reject
Hy: 0? = 02 at the 5% level.

Hy @ 1y = pg versus Hy 1 g # py with o2 = o3, The pooled sample variance
is
o (5-1)S+(15-1SE _2+15
p 154+15—-2 2
the test statistic is
X=Y 85 — 78
! = 4.52

T'= = —
Sp/1/ny 4 1/ns \/18(1/15+1/15)

Hy @y = pe would not be rejected, at the 5% level, for all values of T' between
the lower and upper 2.5% of a t distribution with 28 degrees of freedom, i.e.
for all values in the range (-2.048,2.048). Since the observed value of T is 4.52
and falls outside the the range (-2.048,2.048), reject Hy at the 5% level.

A 95% confidence interval for p; — uy is

(85 — 78) % 2.048,/18(1/15 + 1/15) = (3.827,10.173),

which does not include zero.
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